
Chem
istry*2*

Lecture*3**
Par$cle(on(a(ring(approxim

a$on(

Learning(outcom
es(from

(Lecture(2(

• Be$able$to$explain$w
hy$confining$a$par5cle$to$a$box$leads$to$

quan5za5on$of$its$energy$levels$
• $Be$able$to$explain$w

hy$the$low
est$energy$of$the$par5cle$in$a$box$is$

not$zero$
• $Be$able$to$apply$the$par5cle$in$a$box$approxim

a5on$as$a$m
odel$for$

the$electronic$structure$of$a$conjugated$m
olecule$(given$equa5on$

for$E
n ).$

Be$able$to$predict$the$num
ber$of$π$electrons$and$the$presence$of$

conjuga5on$in$a$ring$containing$carbon$and/or$heteroatom
s$such$as$

nitrogen$and$oxygen
.$

Assum
ed(know

ledge(for(today(

The(de(Broglie(Approach(

• The w
avelength of the w

ave associated 
w

ith a particle is related to its m
om

entum
: 

 
 

 p = m
v = h / λ 

 • For a particle w
ith only kinetic energy: 

 
 

 E
 = ½

 m
v

2 = p
2 / 2m

 = h
2 / 2m

λ
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Par$cle>on>a>ring(

• P
article can be anyw

here on ring 

 • G
round state is m

otionless 

θ



Par$cle>on>a>ring(
• G

round state is m
otionless 

• In higher levels, w
e m

ust fit an integer 
num

ber of w
aves around the ring 

1 w
ave 

λ = 2π
r 

2 w
aves 

λ = 2π
r/2 

3 w
aves 

λ = 2π
r/3 

The(Schrödinger(equa$on(

• The total energy is extracted by the 
H

am
iltonian operator. 

• These are the “observable” energy levels 
of a quantum

 particle 
  

E
nergy eigenvalue 

E
nergy eigenfunction 

H
am

iltonian operator 

The(Schrödinger(equa$on(

Kine2c*Energy*
Ham

iltonian*operator*

• The H
am

iltonian has parts corresponding 
to K

inetic E
nergy and P

otential E
nergy. In 

term
s of the angle θ: 

Poten2al*Energy*

Ψ" "# $

% %& '
+

∂ ∂
−

=
Ψ

)
(

V
m
r

Ĥ
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“The(par$cle(on(a(ring”(

• The ring is a cyclic 1d potential 

E
 

θ"

0 

0 
2π"

m
ust*fit*an*integer*num

ber*of*w
avelengths*



“The(par$cle(on(a(ring”(

π-system
 of benzene is like a bunch of electrons on a ring 

“The(par$cle(on(a(ring”(
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j = 1, 2, 3…
. 

(
)θ

j
sin

=
Ψ

• O
n the ring, V

 = 0. O
ff the ring V

 = ∞
. 

“The(par$cle(on(a(ring”(
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j = 0, 1, 2, 3…
. 

(
)θ

j
cos

=
Ψ

• O
n the ring, V

 = 0. O
ff the ring V

 = ∞
. 

Par$cle>on>a>ring(

• G
round state is m

otionless 

Ψ
 = constant #



“The(par$cle(on(a(ring”(

• The ring is a cyclic 1d potential 

E
 

θ"

0 

0 
2π"

m
ust*fit*an*integer*num

ber*of*w
avelengths*

“The(par$cle(on(a(ring”(
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π

ε
=

=
j = 0, 1, 2, 3…

. 

j = 0 

j = 1 

j = 2 

j = 3 
length*of*circum

ference*
radius*of*ring*

“The(par$cle(on(a(ring”(

j = 0 

j = 1 

j = 2 

j = 3 

n = 1 

n = 2 

n = 3 

n = 4 

All*singly*degenerate*
Doubly*degenerate*

above*j=0*

box*
ring*

Applica$on:(benzene(

Q
ues2on: how

 m
any π-electrons in benzene? 

 A
nsw

er: Looking at the structure, there are 6 
carbon atom

s w
hich each contribute one 

electron each. Therefore, there are 6 
electrons. 
 



benzene(

Q
ues2on: w

hat is the length over w
hich the π-

electrons are delocalized, if the average bond 
length is 1.40 Å

? 

A
nsw

er: There are six bonds, w
hich equates 

to 6 × 1.40 Å
 = 8.40 Å

 
 

benzene(

Q
ues2on: if the energy levels of the electrons 

are given by ε
n  = 2

�
2j 2π

2/m
L

2, w
hat is the energy 

of the H
O

M
O

 in eV
? 

Answ
er: since there are 6 π-electrons, and 

therefore the H
O

M
O

 m
ust have j=1. W

e know
 

that L = 6 × 1.40 Å
 = 8.4 0Å

. From
 these 

num
bers, w

e get ε
j  = 3.41×10

-19 j 2 in Joules. 
The energy of the H

O
M

O
 is thus  

ε1  = 3.41×10
-19J = 2.13 eV. 

j = 0 

j = 1 

j = 2 

j = 3 

benzene(

Q
ues2on: w

hat is the energy of the LU
M

O
, 

and thus the H
O

M
O

-LU
M

O
 transition?  

 

j = 0 

j = 1 

j = 2 

j = 3 

A
nsw

er: ε
j  = 3.41×10

-19 j 2 in Joules. The 
energy of the LU

M
O

 is thus 
ε2  = 1.365×10

-18J = 8.52 eV. The energy of 
the H

O
M

O
-LU

M
O

 transition is thus 6.39 eV.  

benzene(
Q
ues2on: how

 does the calculated value 
of the H

O
M

O
-LU

M
O

 transition com
pare 

to experim
ent?  

 

j = 0 

j = 1 

j = 2 j = 3 

A
nsw

er: The calculated energy of the 
H

O
M

O
-LU

M
O

 transition is 6.39 eV. This 
corresponds to photons of w

avelength 
 λ = hc/(6.39× 1.602×10

-19) ~ 194 nm
, 

w
hich is not so far from

 the 
experim

ental value (around 200 nm
). 

 

H
iraya and S

hobatake, J. C
hem

. P
hys. 94, 7700 (1991) 



Learning(O
utcom

es(
• Be$able$to$explain$w

hy$confining$a$par5cle$on$a$ring$leads$to$
quan5za5on$of$its$energy$levels$

• $Be$able$to$explain$w
hy$the$low

est$energy$of$the$par5cle$on$a$
ring$is$zero$

• $Be$able$to$apply$the$par5cle$on$a$ring$approxim
a5on$as$a$

m
odel$for$the$electronic$structure$of$a$cyclic$conjugated$

m
olecule$(given$equa5on$for$E

n ).$

N
ext(lecture(

• Q
uantitative m

olecular orbital theory for 
beginners W

eek(10(tutorials(

• S
chrödinger equation and m

olecular 
orbitals for diatom

ic m
olecules 

Prac$ce(Q
ues$ons(

1. 
The particle on a ring has an infinite num

ber of energy levels (since j = 
0, 1,2, 3, 4, 5 …

) w
hereas for a ring C

n H
n  has only n p-orbitals and so n 

energy levels. 
 C

6 H
6 , for exam

ple, only has levels w
ith j = 3 (one level), j = 1 (tw

o 
levels), j = 2 (tw

o levels) and j = 3 (one level) 
 

(a) 
U

sing the analogy betw
een the particle on a ring w

aves and the π
-

orbitals on slide 17, draw
 the four π

 m
olecular orbitals for C

4 H
4  and 

the six π
 m

olecular orbitals for C
6 H

6  
(b) 

U
sing qualitative argum

ents (based on the num
ber of nodes and/or 

the num
ber of in-phase or out-of-phase interactions betw

een 
neighbours) construct energy level diagram

s and label the orbitals 
as bonding, non-bonding or antibonding 

(c) 
B

ased on your answ
er to (b), w

hy is C
6 H

6  arom
atic and C

4 H
4  

antiarom
atic? 

 


